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We consider the backreaction of the long wavelength tensor modes produced during a slow-roll
inflationary regime driven by a single scalar field in a spatially flat Friedmann-Lemaˆıtre-Robertson-
Walker background geometry. We investigate the effects on non-local observables such as the effec-
tive (averaged) expansion rate and equation of state at second order in cosmological perturbation
theory. The coupling between scalar and tensor perturbations induces at second order new tensor
backreaction terms beyond the one already present in a de Sitter background. We analyze in detail
the effects seen by the class of observers comoving with the inflaton field (taken as a clock) and the
class of free-falling observers. In both cases the quantum backreaction is at least 1/ǫ (with ǫ the
slow-roll parameter) larger than the one which can be naively inferred from a de Sitter background.
In particular, we compute the effect for a free massive inflaton model and obtain in both cases
a quantum correction on the background expansion rate of the order of H4/(m2M2Pl). A short
discussion on the issue of the breakdown of perturbation theory is given.
PACS numbers: 98.80.Cq, 04.62.+v
I. INTRODUCTION
The impact of the quantum backreaction by tensor and
scalar cosmological fluctuations in an inflationary era has
a long history. The effect of two loop infrared gravitons,
in a pure quantum gravity setting, was conjectured to
lead to a secular screening of the effective cosmological
constant [1]. A similar conjecture [2] was then given for
the scalar quantum backreaction [3, 4]. On the other
hand, this long process has been rather controversial
[5, 6]. With the aim of settling such controversial issue,
we have recently performed an series of investigations [7–
10] based on a new covariant and gauge invariant (GI)
approach [11, 12]. In such a context, we have used a GI
but observer dependent averaging prescription [11] and a
set of covariant and GI effective equations for the aver-
aged geometry [12] (which generalized [13]). In particu-
lar, we have applied such new GI approach to the study
of the scalar quantum backreaction of long wavelength
fluctuations considering different classes of observers [7–
10].
Taking advantage of these recent results we evaluate in
this paper the tensor mode quantum backreaction dur-
ing a slow-roll inflationary phase considering two different
classes of observers: the one comoving with the inflaton
field and the free-falling one. Such a study is particular
appealing for two different reasons. To begin, the recent
results of the BICEP2 collaboration [14], if confirmed,
show an observational imprint of a large production of
primordial tensor mode. Furthermore, tensor backreac-
tion was in the past mainly considered in toy models like
a de Sitter background. On the other hand, as we will
show in the following, the use of an ideal de Sitter space-
time in the calculation of the tensor mode backreaction
is not a good approximation for different reasons. First
a de Sitter background does not support scalar pertur-
bations, second it has a series of symmetries which are
not present in a realistic slow-roll model of inflation. In
particular, the coupling between scalar and tensor per-
turbations, present in a slow-roll inflationary model at
second order in perturbation theory, induces new tensor
dependent backreaction terms, beyond the one already
present in a de Sitter background, and gives an enhance-
ment of the backreaction effect.
II. GAUGE INVARIANT BACKREACTION
We start by summarizing the approach we are going
to follow, which is based on a GI construction of scalar
non-local observables. In general, these observables are
constructed performing quantum averages of a scalar
field S(x) in a spacetime region which is an hypersur-
face ΣA0 = {x|A(x) = A0} depending on a second scalar
field A(x) with a timelike gradient. The relative GI aver-
aging prescription 〈S〉A0 can be obtained by covariance
starting from the (barred) coordinate system x¯µ = (t¯, ~x),
where the scalar A is homogeneous. Following [11, 12]
we define
〈S〉A0 =
〈
√
|γ(t0, ~x)| S(t0, ~x)〉
〈
√
|γ(t0, ~x)|〉
, (1)
where γ(t0, ~x) is the determinant of the induced three di-
mensional metric on ΣA0 . Adopting the natural foliation
of spacetime associated to the four vector
nµ = − ∂
µA
(−∂νA∂νA)1/2 (2)
the properties of the class of observers sitting on the hy-
persurface A(x) = A0 are univocally determined [15].
Let us briefly comment about the non-local nature of
the observables considered. The expectation values of
quantum operators are in general over states which are
2non local in space, e. g. in a plane wave basis, and can be
extensively interpreted as a sum over the states (phase
space) weighted by the integration volume. This prop-
erty is at the base of Eq. (1) and leads to the definition
of a quantum gauge invariant quantity, which is just de-
pendent on the observer. In this sense our observables
shares the non-locality of volume averages of late time
classical observables. Let us also observe that we com-
pute corrections to homogeneous values which are essen-
tially due to long wavelength quantum fluctuations (see
below). Essentially such fluctuations behaves classically,
once have crossed the horizon. Such long wavelength
fluctuations have a factorized dependence in space and
time so that one can say that the non locality of the ob-
servable does not affect essentially its time dependence,
once its geometrical definition is given. The definition we
employ is the most direct extension of the quantum av-
erage over a rigid space translational invariant vacuum,
a case for which volume effect simplifies. Indeed, for the
case we consider with a slightly fluctuating volume, we
take into account at the perturbative level (second order)
also the non trivial fluctuations of the volume encoded in√
|γ(t0, ~x)|.
On the other hand, it is also possible to consider ob-
servables which have a geometrical definition different
from the one adopted here. For example, one might con-
sider a possibly more physical definition where a class of
observers average/measure the contributions of the quan-
tum fluctuations on a 2-sphere embedded in their past
light-cone (deformed by the fluctuating geometry itself),
similarly to the approach developed in [16]. The sam-
pled quantum fluctuations in the corresponding space-
time region are exactly the same in the long wavelength
approximation, but this new geometric observable will
have a different dependence in the metric, so that its
back-reacted value will present some differences. This
interesting analysis will be developed elsewhere.
Going back to the framework associate to Eq. (1),
the dynamics of a perfect fluid-dominated early Universe
can be conveniently described by an effective scale factor
aeff = 〈
√
|γ¯| 〉1/3. For the sake of simplicity we choose
hereafter A(x) = t at the background level to have stan-
dard results neglecting perturbations [15]. We can then
write a quantum gauge invariant version of the effective
cosmological equation, for the associated expansion rate
Heff =
(
1
aeff
∂ aeff
∂A0
)
, as [12]
(
1
aeff
∂ aeff
∂A0
)2
=
8πG
3
ρeff (3)
=
1
9
〈
Θ
(−∂µA∂µA)1/2
〉2
A0
, (4)
where Θ = ∇µnµ is the expansion scalar of the time-
like congruence nµ. In the same way, starting from the
following simple relation
1
aeff
∂2aeff
∂A20
=
∂
∂A0
(
1
aeff
∂aeff
∂A0
)
+
(
1
aeff
∂aeff
∂A0
)2
, (5)
one could define the second effective equation for the av-
eraged geometry as
− 1
aeff
∂2 aeff
∂A20
=
4πG
3
(ρeff + 3peff) . (6)
Starting from Eqs. (3) and (6) one can then define an ef-
fective equation of state as weff =
peff
ρeff
(see, for example,
[9]).
We shall start from a spatially flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) background geom-
etry and consider perturbations up to second order. The
metric components of {gµν} are defined as
g00 = −1−2α−2α(2) , gi0 = −a
2
(β,i+Bi)− a
2
(
β
(2)
,i +B
(2)
i
)
gij = a
2
[
δij
(
1−2ψ−2ψ(2)
)
+Dij(E + E
(2))
+
1
2
(χi,j + χj,i + hij) +
1
2
(
χ
(2)
i,j + χ
(2)
j,i + h
(2)
ij
)]
(7)
where Dij = ∂i∂j − δij(∇2/3) and we have removed the
upper script for first order quantities. We then have that
α, β, ψ, E are scalar perturbations, Bi and χi are trans-
verse vectors (∂iBi = 0 and ∂
iχi = 0), and hij is a
traceless and transverse tensor (∂ihij = 0 = h
i
i).
The Einstein equations connect those fluctuations di-
rectly with the matter ones. In particular, we consider
here a single field inflationary model, with a self interact-
ing (potential V ) minimally coupled inflaton scalar field
Φ described by the action
S =
∫
d4x
√−g
[
R
16πG
− 1
2
gµν∂µΦ∂νΦ− V (Φ)
]
, (8)
where the inflaton field can be then written to second
order as Φ(x) = φ(t) + ϕ(x) + ϕ(2)(x).
Clearly the ten degrees of freedom in the metric (7)
are redundant and a gauge fixing is required, which
typically removes two scalar and one vector perturba-
tions. The cases of interests for us are the synchronous
gauge (SG), defined by g00 = −1 and gi0 = 0, the uni-
form field gauge (UFG), defined by setting Φ(x) = φ(t)
and by another conditions (we consider gi0 = 0), and
the uniform curvature gauge (UCG), defined by gij =
a2
[
δij +
1
2
(
hij + h
(2)
ij
)]
.
Let us now give the perturbative expansion (which
includes the quantum backreaction) correspondent to
Eq.(4), namely the expansion rate as seen from an ob-
server sitting on a particular hypersurface.
In the long wavelength (LW) limit we have
Θ¯ = 3H − 3Hα¯− 3 ˙¯ψ + 9
2
Hα¯2 + 3α¯ ˙¯ψ − 6ψ¯ ˙¯ψ
−3Hα¯(2) − 3 ˙¯ψ(2) − 1
8
hij h˙
ij , (9)
3∂µA¯∂
µA¯ = 1− 2α¯+ 4α¯2 − 2α¯(2) (10)
and the measure in the spatial section is given by
√
|γ¯| = a3
(
1− 3ψ¯ + 3
2
ψ¯2 − 1
16
hijhij − 3ψ¯(2)
)
. (11)
Then one has simply to insert Eqs.(9, 10, 11) in Eq.(4)
to obtain
H2eff =H
2
[
1+
2
H
〈ψ¯ ˙¯ψ〉− 2
H
〈 ˙¯ψ(2)〉− 1
12H
〈hij h˙ij〉
]
.
(12)
Since the quantity above is by definition GI, we can
solve the dynamics of the inflaton and metric fluctuations
in any gauge of our choice. In particular, here we choose
to solve the Einstein and matter (inflaton) equations for
all the scalar and tensor fluctuations up to second order
in the UCG. This is an extension of the results obtained
in [17], where we neglected the tensor fluctuations. In
general, any scalar quantity to second order can be then
splitted into two contributions, δ(2) = δ
(2)
s + δ
(2)
t , one
purely scalar δ
(2)
s and a second one δ
(2)
t induced by the
presence of first order tensor modes. As it is well known
vector modes can be neglected (they die away kinemat-
ically) in the inflationary regime. Therefore we conve-
niently present the results for just the second order cor-
rections to all the quantities of interest induced by the
presence of the tensor fluctuations. The purely scalar
induced terms can be found in [17]. We find
α
(2)
t =
φ˙
2HM2Pl
ϕ
(2)
t + st (13)
H
a
∇2β(2)t =
φ˙2
HM2Pl
d
dt
(
H
φ˙
ϕ
(2)
t
)
− qt + 2 V
M2Pl
st. (14)
ϕ¨
(2)
t + 3Hϕ˙
(2)
t −
1
a2
∇2ϕ(2)t +
[
Vφφ + 2
d
dt
(
3H +
H˙
H
)]
ϕ
(2)
t = rt + φ˙ s˙t − 2Vφst +
φ˙
2H
(
qt − 2V
M2Pl
st
)
, (15)
where
st =
1
8H
1
∇2
[
1
2
1
a
β,ij∇2hij + α,ij h˙ij + 1
2
hkm,ih˙mi,k − 1
4
h˙ij∇2hij − 3
4
hij,kh˙
ij,k − 1
2
hij∇2h˙ij
]
, (16)
qt = −H
2a
β,ijh
ij +
1
8a
β,ij h˙
ij − H
4
hij h˙
ij − 1
32
h˙ij h˙
ij +
1
8a2
hij∇2hij + 3
32a2
hij,khij,k − 1
16a2
hij,khik,j , (17)
rt =
φ˙
4a
β,ijh
ij − 1
2a2
ϕ,ijh
ij +
φ˙
8
hij h˙
ij , (18)
with M2Pl = 1/(8πG). Finally, from the divergence-free
part of the perturbed (i, 0) Einstein equations, and from
the trace-free and divergence-free part of the (i, j) equa-
tion, we obtain the evolution equations for the second-
order variables B
(2)
i and h
(2)
ij . However, to second order
these variables are decoupled from the scalar variables
α(2), β(2), ϕ(2), and cannot contribute – because of their
trace-free and transversality properties – to the pertur-
bation of the scalar geometric quantities. Hence we shall
ignore them.
In the following we want to investigate two classes of
observers, the one comoving with the inflaton field and
the one of the free-falling observers. In these two cases
the purely scalar backreaction was found to be zero in the
long wavelength approximation, for any inflaton poten-
tial and to all order in the slow-roll approximation [7, 10].
We can then rewrite Eq.(12) as
H2eff =H
2
[
1− 2
H
〈 ˙¯ψ(2)t 〉−
1
12H
〈hij h˙ij〉
]
, (19)
where non trivial effects must be due to tensor modes.
Therefore we just need to compute the tensor induced
ψ¯
(2)
t related to a specific observer. The coordinate trans-
formation [18]
xµ → x¯µ = xµ + ǫµ(1) +
1
2
(
ǫν(1)∂νǫ
µ
(1) + ǫ
µ
(2)
)
+ . . . (20)
induces the following changes which depend on the tensor
fluctuations (see, for example, [15])
ϕ¯
(2)
t = ϕ
(2)
t −
φ˙
2
ǫ0(2) (21)
α¯
(2)
t = α
(2)
t − ǫ˙0(2) , β¯(2)t = β(2)t −
2
a
ǫ0(2) +2aǫ˙(2), (22)
4ψ¯
(2)
t = ψ
(2)
t +
H
2
ǫ0(2)+
1
6
∇2ǫ(2) , E¯(1)t = E(2)t −ǫ(2), (23)
where we have used the decomposition ǫµ(2) =(
ǫ0(2), ∂
iǫ(2) + ǫ
i
(2)
)
. For simplicity, in the equations
above we have kept only the quantities due to tensor
modes and which survive after the quantum averaging
procedure. Namely, we have neglected terms where the
tensor fluctuations are multiplied by the scalar ones [15].
III. INFLATON AS A CLOCK
The observer which sees an homogeneous inflaton field
must have ϕ¯(2) = 0, hence the x¯µ reference system will
correspond to the UFG. Starting from the UCG this con-
dition is obtained by choosing
ǫ0(2) = 2
ϕ
(2)
t
φ˙
, ǫ(2) =
∫
dt
(
1
a2
ǫ0(2) −
1
a
β
(2)
t
)
(24)
In the LW limit we then find
H2eff =H
2
[
1− 2
H
〈 d
dt
(
H
φ˙
ϕ
(2)
t
)
〉− 1
12H
〈hij h˙ij〉
]
. (25)
In the same limit there is a useful identity which can be
derived from Eq.(14)
d
dt
(
H
φ˙
ϕ
(2)
t
)
=M2Pl
H
φ˙2
(
qt − 2V
M2Pl
st
)
, (26)
from which we see that all we need is to compute 〈qt〉 and
〈st〉. These quantities receive a non zero contribution just
from the quantum averages of forms quadratic in the first
order tensor perturbations produced out of the vacuum
during the inflationary expansion of the universe. From
Eq. (17) one immediately sees, in the LW limit and to
the leading order in the slow-roll parameter, that
〈qt〉 = −H
4
〈hij h˙ij〉 . (27)
In order to compute 〈st〉, we first note that the first two
terms of Eq. (16) do not contribute and then we trans-
form the rest of the expression in a more convenient form
by decomposing it in a sum of symmetrized and antisym-
metrized expressions with respect to the permutations of
hij and h˙ij . At the end, we obtain
〈st〉 = 1
16H
〈∂
i∂k
∇2
(
hkmh˙mi
)
〉 − 3
64H
〈hij h˙ij〉 . (28)
The quantum averages in Eq. (28) are computed tak-
ing advantage of a standard Fourier decomposition in
terms of creation and annihilation operators, amplitudes
and polarisation vectors. The latter, eij(~k, s), satisfy the
normalisation condition
∑
s e
∗
ij(
~k, s)eij(~k, s) = 4, where
the sum in s runs over the two physical polarization
state. One can show that the average in the first term of
Eq. (28) gives −〈hij h˙ij〉 so that we have
〈st〉 = − 7
64H
〈hij h˙ij〉 . (29)
Using the results obtained in Eq. (25), and using the
relation φ˙2 = −2M2PlH˙ as well as the slow-roll relation
V = 3H2M2Pl, we find that at leading order in slow-roll
approximation
H2eff = H
2
[
1 +
13
32
H
H˙
〈hij h˙ij〉
]
, (30)
and the effect of backreaction is enhanced of the order
of 1/ǫ, with ǫ = −H˙/H2 the slow-roll parameter, with
respect to the naive result that one could obtain starting
for the de Sitter case [19]. Let us evaluate it for the free
massive inflaton case where V = 12m
2φ2. The graviton
dynamics is given by the equation of motion
h¨ij + 3Hh˙ij −∇2/a2hij = 0 , (31)
and correspond to the one of a massless test scalar field.
Then, starting from the results of [20, 21], one finds
〈hij h˙ij〉 = 1
2
d
dt
〈hijhij〉 = − 3
π2
H˙H3
m2M2Pl
, (32)
which leads to (H˙ ≃ −m2/3)
H2eff,C ≃ H2
[
1− 39
32π2
H4
m2M2Pl
]
. (33)
Therefore there is a negative quantum backreaction to
the effective expansion rate seen by the observers which
use the inflaton as a clock. The effect of slowing the ex-
pansion rate is maximum at the beginning of inflation.
For a large initial value of the Hubble factor (which,
naively, correspond to a large number of e-folds), the
backreaction can not be neglected.
Let us now consider the effective equation of state
weff = peff/ρeff . In general, starting from Eqs. (3)
to (6) and assuming the form H2eff = H
2(1 + B), one
has [9]
weff = −1− 2
3
H˙
H2
+
(
H˙
3H2
B − 1
3H
B˙
)
. (34)
Plugging B = − 3932pi2 H
4
m2M2
Pl
one finds
wCeff = −1−
2
3
H˙
H2
(
1− 117
64π2
H4
m2M2Pl
)
(35)
which means that for this class of observers the graviton
backreaction pushes the inflation in a more de Sitter like
phase.
5IV. GEODETIC OBSERVERS
Let us finally consider a free-falling class of observers,
for which the proper time is unperturbed. The correspon-
dent x¯µ reference frame is the synchronous one (α¯(2) = 0
together with β¯(2) = 0). Similarly to what done in the
previous case, these conditions fix the transformation
from UCG. One finds ǫ0(2) = 2
∫
dtα
(2)
t and the same as
in the previous case for ǫ(2). Then one has
H2eff ≃ H2
[
1−2〈α(2)t 〉 − 2
H˙
H
〈
∫
dtα
(2)
t 〉−
1
12H
〈hij h˙ij〉
]
.
(36)
From Eq.(13) we obtain
〈α(2)t 〉 =
H˙
2H2
∫
dt
H
H˙
(
〈qt〉 − 2V
M2Pl
〈st〉
)
+ 〈st〉 (37)
which in the slow-roll approximation and for a free mas-
sive inflaton field reads 〈α(2)t 〉 ≃ − 13128pi2 H
4
m2M2
Pl
.
It is then trivial to derive the leading backreaction term
in Eq. (36)
H2eff,G ≃ H2
[
1 +
39
160π2
H4
m2M2Pl
]
. (38)
The ”geodesic” class of observers experiences an opposite
(positive) backreaction in the effective expansion rate.
Moving to the effective equation of state for this case,
in analogy to the previous case, we derive
wGeff = −1−
2
3
H˙
H2
(
1 +
117
320π2
H4
m2M2Pl
)
(39)
which corresponds to a less de Sitter like phase.
The different sign of the graviton backreaction in the
two cases above can be traced from the form of the two
scalars (C and G) which define the two different class of
observers (the comoving with the field (UFG) and the
”geodesic” ones respectively). In perturbation theory at
second order they were exactly the same when only scalar
perturbations were taken into account [10]. But after
including the tensor perturbations one can write C
(2)
t =
ϕ
(2)
t and
C
(2)
t =
1
φ˙
ϕ
(2)
t (40)
G
(2)
t =
∫
dtα
(2)
t ≃ −
1
φ˙
∫
dH
H
ϕ
(2)
t (41)
where the last equality is valid in the slow-roll approxi-
mation. Being the leading dependence of the induced ϕt
power-like in H with positive exponent, it is evident why
the corrections to the two scalars are of opposite sign.
V. VALIDITY OF THE PERTURBATION
THEORY
To conclude this analysis let us discuss the regime of
validity of the perturbative expansion induced by the ten-
sor fluctuations. Following [21], we evaluate the ratio
〈ϕ(2)t 〉/φ(t) in the UCG, where the fluctuations of the
inflaton field correspond, order by order, to the gauge
invariant Mukhanov variable [22]. Considering the pre-
vious results one can easily find, at leading order in the
slow-roll parameter and in the long wavelength approxi-
mation, that ∣∣∣∣∣〈ϕ
(2)
t 〉
φ(t)
∣∣∣∣∣ = 13128π2 H
4
m2M2Pl
. (42)
Comparing Eq.(42) with Eqs. (33) and (38) one can
note that the backreaction effect become important be-
fore the ratio in Eq. (42) becomes of order one. This
breaking, which occurs at the beginning of the infla-
tionary phase, corresponds, for the particular numerical
value MPl = 10
5m, to an initial value H(ti) ≃ 103m.
The regime of validity of the tensor induced fluctuations
is different with respect the one of the scalar induced
fluctuation studied in [21], where it was shown that the
perturbation theory breaks down before the end of in-
flation, as a consequence of the increase of the ratio
〈ϕ(2)s 〉/φ(t), for a value of H(ti) one order of magnitude
lower (H(ti) ∼ O(102m)). On the other hand, the ratio
〈ϕ(2)s 〉/φ(t) is zero at the beginning of the inflation and is
well below the unit for the major part of the inflationary
phase also for value comparable to H(ti) ≃ 103m. There-
fore it is possible to have a non-negligible tensor back-
reaction effect at the beginning of inflation when both
〈ϕ(2)t 〉/φ(t) and 〈ϕ(2)s 〉/φ(t) are well below the unit and
the perturbation theory is under control.
VI. DISCUSSION
We have shown how spin two quantum fluctuations
(tensor modes) affect non-local observables, like the av-
erage effective expansion rate and the equation of state,
during a cosmological inflationary phase. The compu-
tation is based on a covariant approach which leads to
GI definitions and depends only on the choice of the ob-
servers considered [11, 12]. The effect seen, which we an-
alyze at second order in perturbation theory, is enhanced
of a factor 1/ǫ with respect to the one obtained from an
adiabatic extension of a de Sitter phase, and is due to
the production from the vacuum of linear tensor modes
which affect at second order scalar perturbations in the
metric and the inflaton field. Depending on the observer
the effect can have a different sign. In particular, we have
shown that, for a massive free scalar field driven inflation,
observers taking the inflaton as a clock see a slowdown in
the expansion and a more de Sitter like phase. The op-
posite effect (5 times smaller) is experienced by the class
6of the free-falling observers, which sees the proper time
unperturbed. These effects depend on the inflationary
initial condition H(ti) and are maximum at the begin-
ning of the inflationary phase. The backreaction grows
like H(ti)
4 and for the typical value correspondent to a
number of e-folds N close to 60 is negligible (O(10−7)).
On the other hand, for a large value of H(ti) this can
be non-negligible still when the perturbation theory of
the tensor induced and pure scalar perturbations is still
reliable.
Let us finally underline that, as mentioned, in the con-
struction of observables there is the possibility of defining
new geometrical quantities based on the observation of
the fluctuations on null 2-spheres embedded in the ob-
server past light-cone (see [16]). We shall address this
problem in future works.
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